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ABSTRACT 
Paper aims to develop advanced numerical methods to analyze stress in structures containing 
crack-like defects. The innovative aspect of the proposed research is to involve hypersingular 
integral equations to solve a benchmark test. The benchmark test employs both boundary and 
finite element methods. The investigation involves fatigue analysis under finite amplitude 
cyclic loads, revealing a significant increase in service life, ensuring successful transportation 
of the intact structure. However, placing a penny-shaped crack in the zone of maximum 
stresses results in a notable decrease in the expected service life before failure. For practical 
applications, short-distance transportation is deemed sufficient, as long-distance transport may 
induce fatigue crack propagation within the shell, leading to depressurization and eventual 
failure. 
Keywords: crack-like defects, hypersingular integral equations, liquid transportation, 
boundary element method, finite element method. 
 
To determine the stress-strain state of an elastic body, a system of equations of the elliptic 
type in partial derivatives of the second order have been applied  
μΔU୨ + ሺλ + μሻ ப஬

ப୶ౠ
= 0, Δ = பమ

ப୶భ
మ + பమ

ப୶మ
మ + பమ

ப୶య
మ, ϑ = divU,    j=1,2,3. (1) 

where μ - shear modulus, =E/[(1+)(1–2)] - the Lamé coefficient, E - Young's modulus, 
ν - Poisson's ratio, U - displacement vector. It has been introduced the differential surface 
tension operator of the elasticity classical theory as 
Tn(x) U=2μ ப୳

ப୬
+ λndivU + μሺn × rotUሻ,    (2) 

where n – unit external normal to the surface. 
A boundary value problem for a three-dimensional body bounded by a region is formulated Ω 
and weakened by incisions Si (i = 1,...,n), to determine the displacement vector U 
ΔU୨ + ሺλ + μሻ ப஬

ப୶ౠ
, j = 1,2,3, Ui(x)=uil(x),  x1,.Tn(x)U(x)=X(x) , x2,  (3) 

(Tn(x)u(x)  n(x)) =N3i, (Tn(x) u(x)  k(x)) =N ki, x,  i = 1,2. 
The solution of the boundary value problem (3) could be found using various numerical 
methods. Among them, it is worth noting the method of finite elements [1] and boundary 
elements (BEM) [2]; both are based on the use of the weighted error method.  
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Further, the formulation based on the boundary element method has been used. One of the 
key features of this method is the use of singular trial functions that satisfy the differential 
equation (1) everywhere except for one singular point. Thus, fundamental and singular 
solutions of equation (1) are used as trial functions. The fundamental solution of the theory of 
elasticity is obtained by solving equation (1) with the right-hand side in the form of a delta 
function and is presented in the following matrix form 
Γ୧୨ሺx-yሻ = ஛ାஜ

଼஠ஜሺ஛ାଶஜሻ
ቂ஛ାଷஜ

஛ାஜ
ஔ౟ౠ

|୶-୷| + ሺ୶౟-୷౟ሻሺ୶ౠ-୷ౠሻ
|୶-୷|య ቃ.    (4) 

Using representation (4) in the case of an isolated circular crack, a hypersingular integral 
equation in the form [3] has been obtained 
ଵ

ସ஠ ∬ ஑యሺ୷ሻ
|୶-୷|యୗ dS୷ = Mqሺxሻ, M = ଵ-஝,    (5) 

where qሺxሻ – function to characterize the external load. 
Equation (5) has been considered for a crack in a circle with a radius R under uniform 
stretching σ. Thus, q(x)=σ. Area of integration S divided into N flat triangular and 
quadrilateral elements. The hypersingular integral over the approximated surface has been 
considered and a system of linear algebraic equations was obtained 
∑ H୩୨Dଷ୩ = fሺx଴୨ሻ୒

୩ୀଵ ,   j = 1,2, . . . N.    (6) 
where the elements of the matrix H୩୨ are calculated by formulas 
H୩୨ = ଵ

ସ஠
∑ ሺሾ୪౟×୰౟ሿ⋅୬ሻ

|ሾ୪౟×୰౟ሿ|మ ቂሺ୪౟⋅୰౟శభሻ
୰౟శభ

- ሺ୪౟⋅୰౟ሻ
୰౟

ቃ୫
୧ୀଵ .r୩ = ሺx୩-x଴, y୩-y଴, z୩-z଴ሻ, 

l୧ = ሺx୧ାଵ-x୧, y୧ାଵ-y୧, z୧ାଵ-z୧ሻ, i = 1, mതതതതത , 
n = ሺnଵ, nଶ, nଷሻ, x୫ାଵ = xଵ, y୫ାଵ = yଵ, z୫ାଵ = zଵ, r୩ = |r୩|. 
Since the domain in equation (5) is a circle, the two-dimensional hypersingular equation 
reduces to a one-dimensional one [3]. A cylindrical coordinate system has been used, 
therefore x = ρ cosM , y = ρ sinM, x଴ = ρ଴ cosM଴, y଴ = ρ଴ sin θ଴. It has been introduced the 
following notations: a = Uଶ + U଴

ଶ + ሺz-z଴ሻଶ, b = 2UU଴, and there have been got a one-
dimensional hypersingular integral equation 
1 0 3( ) E(k)d + 0 - 02=1-νG.     (7) 
Numerical implementation has been done by the method [4]. 
For a crack in the shape of a circle with a radius R, that is under the influence of load σ, the 
boundary element method has been used, while the crack is considered in an unlimited three-
dimensional space. Thus, there are two solution options with hypersingular integral equations. 
The first option is related to the two-dimensional integral equation (5), while the second 
concerns the axially symmetric formulation according to equation (7). In numerical 
simulations, it has been selected values R=0.005м і σ=1 МPа. The total number of planar 
triangular and quadrilateral elements when using equation (5) was N = 9284. Segment [0, π] 
was divided into N1=100 one-dimensional boundary elements. The analytical solution of 
equation (7) with the right-hand side obtained in [3] as Dଷሺρሻ = 4ඥRଶ-ρଶ/. The most 
important parameters of destruction are stress intensity coefficients. They are successfully 
used to analyze crack propagation and structural failure. In the considered case, only the 
coefficient KI is needed to adequately describe the deformed state around the crack. Its 
analytical expression for a circular crack with radius R under load σ looks like KI=2 R/  
[3,5]. Table 1 provides a comparison of analytical and numerical results obtained by different 
methods for different polar angles M. The finite element mesh consisted of 43674 elements. 
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Table 1. Comparison of numerical and analytical results  
M Analytical 

value 
Two-
dimensional 
equation 

One-
dimensional 
equation 

FEM 

10 1.12827 1.13217 1.12988 1.14217 
30 1.12827 1.12945 1.12837 1.14207 
50 1.12827 1.12876 1.12830 1.14204 
70 1.12827 1.12842 1.12828 1.14203 
90 1.12827 1.12830 1.12828 1.14200 

The results presented in Table 1 testify to the accuracy and reliability of finite and boundary 
element methods, which will be used in the future in the analysis of the possibility of fuel 
tanks destruction with initial micro-defects during transportation.  
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