1

UDC 519.6
V.V. Komyak, V.M. Komyak, A.V.Pankratov, A.Yu.Prikhodko 

Obtaining Local Extremum in the Problem of Covering the Fields by the Circles of Variable Radius
Keywords: circle of variable radius coverage, coverage criteria, optimization, nonlinear programming

Formulation of the problem. In various industries of the economy there are problems associated with the processing and transformation of geometric information. These problems are referred to a class of optimization geometric design problems [1], which solution as well as the development of their methods is important. This class of problems include the problem of optimal material cutting (both regular and irregular), the problems of building the optimal ways and linking networks, coverage, partition, some scheduling problems, and others. [1 - 2].

Analysis of publications. An important class of geometric design problems are problems of irregular covering the field by geometric objects [3], as well as regular [3 - 7]. In the problems of covering it is set up a claim that all points of the field were covered by geometric objects, while the conditions of non-intersection of objects between themselves and their placement in the field may be violated. Results and detailed reviews on given researches are in [8 - 10]. The problems of single covering a limited area by N-circles (such as in a Euclidean metric, and in some other metrics) is also known as the problem of N-centers. For the problem of N-centers in different metrics it is offered a variety of heuristics and algorithms using Voronoy’s regions [11]. Problems of coverage are models of many practical problems. In [12] it is set and solved the problem of interaction between militarized security subdivisions of the railroad and fire-rescue units, which is reduced to covering the area by the circles of different radii. In [13] it is set the problem of the placement optimization for observation points, which arises when designing ground video monitoring systems. The problem is reduced to the problem of covering the area by the circles of variable radii, the value of which depends on the class of fire danger of covered area and its relief. Thus, the important practical problems require to develop the methods of covering the fields by circles of variable radius.

In our article, we propose an approach to obtaining a local extremum of covering problem.
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By definition 
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Note 1. In this study, we consider only such coverings, which met the following conditions 
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Problem of circular coverage of polygon. The start point – vector 
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The problem of covering polygon by circles. Mathematical model of the problem of circular coverage can be represented as follows:
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As a criterion of covering for a fixed 
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 can be used phi-function method[14]:
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Since the description of admitted region of the form (2) in an analytical form is extremely difficult theoretical problem and requires significant computational cost, in this study we propose the coverage criteria based on the following statement.

We say that a relative position of the circle 
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Figure 1. a) and b) – the relative position of the point and the circle  satisfies the condition 1; c) - the relative position of the point and the circle does not satisfy the condition 1.
We say that the relative position of the intersection point 
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Figure 2. a) and b) - the relative position of the point and the circle satisfies condition 2; c) - the relative position of the point and the circle does not satisfy condition 2.
Note that if 
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Statement. In order 
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1) for each vertex 
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Figure 3. Three types of the relative position of the vertex of the field and the circle, which satisfy the first item.
2) for any point 
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Figure 4. Two types of relative position of the intersection point of the circle with the field and the circle for the item 2).
3) for each point 
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Figure 5. Two types of relative position of the intersection point of circles and the circle for the item 3).
4) for each point 
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Figure 6. Two types of relative position of the intersection point of circles and the circles for the item 4).
Note 2. Further when forming  set of constraints for the problem to item 4, we do not take into account two circles for which both points 
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Note 3. It is assumed that for item 4 the points 
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Items 1 – 4 can be rewritten in the equivalent form

1) 
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On the figure 7 there is an example of a polygon coverage by the set of circles with the points of type 
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Figure 7.  Example of coverage by circles with system of auxiliary points.

With this in mind, the inequalities describing the admitted region of the problem based on the information about the start point can be written as:

1) for the vertices of the polygon 
[image: image131.wmf]k

p

"



 EMBED Equation.3  [image: image132.wmf]n

I

k

Î

, and the corresponding circles 
[image: image133.wmf]i

C

,  
[image: image134.wmf]i

k

C

p

Î

, 
[image: image135.wmf]P

C

i

Ë

,   inequality:

[image: image136.wmf]222

()()

ikiki

xxyyr

-+-£

,







(3)
2) for points 
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where 
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4) for points 
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where 
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It is necessary to find an extremum of the given objective function at admitted region 
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,  given by constraints systems in the form (3) – (7).

The problem belongs to nonsmooth optimization problems due to the presence of non-smooth functions belonging to the type 
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 in (6) and (7). Admitted region can be divided into sub-areas, described by  inequality systems with smooth functions. Thus, the solution of the problem can be reduced to solving a sequence of problems of nonlinear programming. As the objective function can be chosen arbitrary smooth function, including: minimizing the radii of the covering circles, minimizing the number of circles (if it is possible to reduce one of the radii down to zero) and reliability (maximization areas of overlap).

Figure 8 – 13 shows examples of test problems of covering a circle by the circles, where local optimization was produced from the obtained points with different objective functions.

Conclusions. The constructed model of covering the polygon by the circles of variable radii and a method for obtaining local extremum is basic for a wide range of practical problems, in particular for the problem of locating points of video surveillance, which arises when designing  ground video monitoring systems. 
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	Figure 8. Original cover (produced by hand) of the field with radius 4, covering 27 circles, radii of the circles is 1. 


	Figure 9. Local extremum with objective function - the minimization of the maximum radius of the covering circles. Time of calculating 0.09 s., the radius is 0.941.
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	Figure 10. Local extremum with objective function – the minimization of the radii sum of the covering circles. Time of calculating is 0.125 s., the sum is equal to 22,942.


	Figure 11. Local extremum with objective function – the minimization of the squares of the radii sum for the covering circles. Time of calculating is 0.047 s., the sum of the radii squares is 22.106.
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	Figure 12. Local extremum with objective function - the minimization of the cubes of the radii sum for the covering circles. Time of calculating is 0.062 s., the sum of cubic radii is equal to 20,693.
	Figure 13. Local extremum with objective function – maximizing the radius of the field at the fixed radii of the circles. Time of calculating is 0.093 s., radius of the field is 4.251.
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