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DEVELOPMENT OF MATHEMATICAL MODEL OF INFILTRATION OF IRON SULFATE ACID
SOLUTION

The chemical industry is the leader, which is characterized by significant volumes of production and multiplicity of
waste. The accumulation of a large amount of waste negatively affects the environment. The most obvious example is
the state of the soils, where there are enterprises producing pigmentary titanium dioxide. The purpose of the work is to
study the processes of penetration and accumulation of acidic solutions from chemical industry wastes into the soil and
development of mathematical model of infiltration of iron sulfate acid solution. The study of the infiltration of solutions
of sulfuric acid was carried out on the example of gray soil, since this type dominates in the area of the inkstone dump.
Soil infiltration is estimated by the coefficient of filtration, which is determined by Darcy's law. The diffusion density
was determined experimentally — 1.63-107*° kg/m?, and the diffusion coefficient was calculated — 1.51-10® m?/s. On the
basis of experimental research, an effective mathematical model for the propagation of acid solutions of iron sulfate in
soil was developmented. By numerical modeling of the developed model, the acidity distribution in the 3D projection is
obtained. At the initial stage, there is no water movement in dry soil. However, in the presence of slight convection, an
increase in the acidity of the soil occurs. Soil oxidation occurs faster and its leveling is observed at different depths.
Comparison of the results of numerical simulation and statistical data obtained experimentally shows the relationship
between the hydrolytic acidity of the soil environment and the depth of impregnation of acid solutions of ferrous sulfate.
It is established that between the values obtained by the experimental method and the results of the solution of the

mathematical model, there is a close correlation connection. The correlation coefficient was 0.89.
Keywords: iron sulfate; sulfuric acid; water permeability; acidification; diffusion.

1. Problem statement.

The main ecological problem of today is the storage
of industrial solid waste in open territories, resulting in
environmental pollution. Since the real conditions of
the functioning of natural processes in the natural
environment are characterized by the influence of a
complex set of negative factors, the assessment of their
result should be based on the existing dynamic models
of environmental feedback under the influence of
certain factors [1].

The danger of storing iron sulfate is that it consists
of free sulfuric acid, which is 24 %. Free sulfuric acid
in this case is a pollutant of the fertile soil layer, which
also makes it impossible to diagnose its accumulation
in the lower layers of soil ecosystems, which ultimately
causes a slow pollution of underground water basins
which can be located at a rather insignificant depth
from the soil surface (from 3 to 30 m).

In view of this definition of the level of danger of
the place of storage of iron sulfate is to create a
mathematical model of infiltration of its acid solutions
to the soil environment.

2. Analysis of the recent researches and
publications.

Waste from production and consumption are
sources of anthropogenic pollution of the environment
on a global scale and arise as the inevitable result of the
consumer attitude and low resource utilization rate [2].
Getting into the environment, the components of the
waste have a negative effect on the ecosystem. In
addition, the waste composition is often not
investigated or studied only by the main components.
The biggest problem in the ecosystem is acid, alkaline

and water soluble waste, taking into account the
aggressiveness of the environment, high chemical
activity and the ability to diffusion and infiltration
processes. As a result of chemical interaction of
pollutants it is possible and their transformation with the
formation of new chemical compounds — xenobiotics,
which are often more toxic than the source pollutants.
The probability of such a transformation is greatly
increased in the lithosphere and soil ecosystems [3].

The terrible case of environmental pollution is the
large-scale waste with the acidic reaction of the
production environment of pigment titanium dioxide by
sulfate acid technology. In the worked out literary
sources, no information was found on the direct
influence of acid solutions of iron sulfate of different
concentrations on soils [4]. Due to the dissolution of
some masses of waste containing residual sulfuric acid,
acid rain solutions whose pH can reach 1. In the periods
of rain and snow falling into the lithosphere may occur
acidic solutions can be made. It can be assumed that the
effect of leakage on the soil ecosystem is predicted to be
similar to the effects of acid rain that contain SOs. Strong
changes in the acidity of the soil may cause the acid,
containing sulfur and nitrogen compounds, to enter on its
surface. Hydrogen ions that enter the soil can be replaced
by cations that are in the ground, resulting in either the
removal of calcium, magnesium and potassium, or their
deposition in dehydrated form. The mobility of toxic
heavy metals, such as: manganese, copper, cadmium, is
increasing. The solubility of heavy metals strongly
depends on pH. Dissolved by these heavy metals, which
are easily digested by plants, is a poison for plants and
can lead to death [4]. Transferring soluble pollutants in
the environment depends on a large number of
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environmental factors and processes occurring in it.
The degree of influence of one or another process may
be different for different environments, pollutants,
considered moments of time and space [5, 6].

Despite the large amount of accumulated waste
containing residual sulfuric acid, today there are
virtually no methods for assessing environmental
pollution and modeling impregnation processes.
Unfortunately, there is no information on the
relationship between sour solutions of iron sulfate and
ecosystems [7]. Studies of the infiltration of substances
into the soil and the development of mathematical
models of infiltration are solved by scientists [8], but
for managing catchment basins and forecasting floods,
without taking into account the penetration of toxic
substances. Also scientists are currently studying the
hydrodynamic models of infiltration, which are
characterized by the movement of fluid in a hollow
environment by the theory of filtration [9] and the harm
of acid solutions of iron sulfate for living organisms.
Unidentified mechanisms of impregnation of acid
solutions of iron sulfate in soil ecosystems remained.

3. Statement of the problem and its solution.

Taking into account the above and analyzing the
current  situation, accumulation of waste and
penetration of its acidic solutions to the soil, is an
urgent problem. The purpose of the work is to study the
processes of penetration and accumulation of acidic
solutions from chemical industry wastes into the soil
and development of a mathematical model of
infiltration of iron sulfate acid solution. Therefore, in
this paper we solve such problems:

—finding the density and coefficient of soil
filtration;

— finding the coefficient and diffusion density;

—development of mathematical model of
infiltration of iron sulfate acid solution.

The distribution of acidic solutions of iron cumulus
penetrating into the depth of soils depends on many
factors, first of all, on climatic conditions of soil
layout, physical and chemical properties of soils, nature
and sources of their input into ecosystems, chemical
and granulometric composition of breeding rocks [4,
5]. Infiltration of acid solutions takes place due to rain
fall and melting of snow cover. The process of infiltra-
tion occurs periodically, depending on favorable mete-
orological conditions at certain intervals of time. This
process occurs to a certain depth, because the flow of
water from the surface is absorbed in its path by parti-
cles of soil ecosystems or falls into the flow of ground-
water, which determines the depth of its penetration.

The intensity of rainfall is the main factor in the
formation of moisture in the environment that
transports pollutants. After rainfall rain falls, water is
quickly absorbed by the medium, and then the moisture
flow stabilizes. This initial stage of rapid penetration of
water to an unsaturated moist environment is called
absorption or infiltration. Further, due to the saturation
of the entire threshold environment of the medium, the

moisture flow is stabilized. There comes the stage of
motion of water in a saturated environment — filtration.

3.1. Materials and methods of investigation of
sulfuric acid solution infiltration.

Investigation of sulfuric acid solution infiltration was
carried out on the example of gray soil, since this type
dominates in the area of the dump of iron sulfate. In the
study of the penetration of acid solutions to the soil, the
dependence of the coefficient of filtration on the density
of the soil was established: with increasing density (with
depth) the coefficient of filtration decreased. On the basis
of experimental studies, the following factors, such as
the diffusion coefficient (1.51-10® m?/s) and the density
of diffusion flux (1.63-10"° kg/m?), were calculated. The
conducted study of the phenomenon of soil infiltration
and its basic characteristics allows to construct an
effective model of accumulation and distribution of acid
solutions of iron sulfate at different depths to the soil
environment.

For scientific substantiation and adequate numerical
study of patterns of distribution in soil ecosystems of
soluble substances it is expedient to use methods of
mathematical modeling. To determine the dependency
type when constructing a mathematical model for the
distribution of sulfuric acid content in the isolated
elementary phase of the landscape, the Wolfram
Matematika 8.0.0 program was used. With a wide range
of spatial-temporal scales, hydrological and climatic
factors, these methods do not lose their credibility.

The most promising way to solve this problem is to:

— conducting mathematical calculations;

— construction of an effective mathematical model for
the accumulation of acid solutions of iron sulfite at
different depths of the soil to the parent rock;

— filtration processes in the soil environment, which
establish the functional dependence of acidification in
the soil on spatial coordinates and time.

3.2. Development of mathematical model of
infiltration of iron sulfate acid solution

The concept of concentration of solutions of iron
sulfate was based on the mathematical model of accu-
mulation and distribution of acid solutions of iron sulfate
at different depths to the soil environment. Under the
concept of dissolved substance per unit volume of
solution. In this case, water containing a certain amount of
acid solutions of iron sulfate fills the empty medium, with
the concentration in it can vary both in length and in time.
In this case, the set of concentrations over time has the
form of a concentration field. The analytical field of con-
centration is described by the functional dependence (1):

C:f(x, Y, Z,t), 1)

where C — concentration of acid solutions of iron sulfate
(acidity, mg equiv); X, y, z — spatial coordinates; t —time, s.

From function (1) it is observed that the analytic field
of concentration has the form of non-stationary one. A
stationary analytic field of concentration is only a
coordinate function and has the form (2):
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C:f(x,y,z),or%:o. 2

On a plane, the distribution of concentration has the
form of isoconcentration line. The change in concentra-
tion during the transition from one isoconcentration
surface to another is characterized by a derivative of
the normal to the surfaces, and the vector directed
towards the growth of concentration serves as a
concentration gradient, and numerically, it is equal to
the module of the value of the function (2). Then the
diffusion flow can be considered as the rate of passage
of matter. That is, there is a certain amount of matter
passing through the isoconcentration surface per unit
time. If we deduce the diffusion flow to unit area of the
isoconcentration surface, then we obtain the density of
the diffusion stream. Analytically it looks like (3):

dG
=—), 3
9= Fqr 3)
where G — the weight of the diffused substance, kg; F —
area of isoconcentration surface, m?; t —time, s.
In accordance with Fick's law, the flow of matter is
described by the relation (4):

dC
q=—Da, 4)

where n —the derivative of the normal (the thickness of
the soil), m; D — diffusion coefficient, m%s; C —
concentration (water acidity of the soil).

The "-" sign indicates that the flow is directed
toward a decrease in concentration. The density of the
diffusion stream is directly proportional to the gradient
of concentration.

Soils can be neutral to diffusion. The object of the
study should be an inhomogeneous medium consisting
of at least two components (an empty medium and a
liquid that fills it). Each component takes an active part
in the diffusion process. If the medium is statistically
homogeneous, then the mathematical model of the
displacement of acid solutions of iron sulfate is
described by the following equation (5):

2
oc_po'c g ©)

ot a2 ox

where — speed, m/s; x — vertical coordinate; D —
diffusion coefficient, m/s?.

According to equation (5), the diffusion coefficient
and the velocity of motion are empirical in nature and
their values are ambiguous in the account of a number
of transfer characteristics in the sorption environment.

To solve equation (5) it is necessary to supplement
it with the boundary and initial conditions, in the case
when the field is unsteady and boundary, if it is
stationary. Boundary conditions reflect the situation on
the border where infiltration occurs, and the initial — in
the middle of the area before the course of the

infiltration process. In the initial concentration state of
the medium the whole of its previous concentration
situation is reflected and for the subsequent concentra-
tion changes no matter how the given concentration field
was formed. Without convective member of equation (5)
will have the following form (6):

2
x_polc ©)
ot ox 2

According to the obtained laboratory data, the initial
acidity of Ng entering the soil environment is ¢, =
1.68 mg-eq. The diffusion coefficient D = 1.51-10 m%/s,
and the initial concentration in the soil is taken with
Co = 0. Using Mathematica 8, the solution of equation (5)
is obtained without a convective term:

2
X
t . 4D(t-1)
C(X, t): 21’681); €—3dt =
D o (t—r)E )
=0,4326 (3,883 —-3883-E-r-f- { 0’4\5/6_4)( } +0,1326 J
t

The developed mathematical dependencies allow us
to proceed directly to the mathematical modeling of the
processes of penetration of iron sulfate into the soil
environment.

4. Results and Discussion.

The results of the solving equations (7) obtained
using the Mathematica 8 package are presented in
figures 1 and 2.

The solution of equation (5) is considered, taking into
account the convective term. The boundary conditions
have been set that were. Then the solution of the
equation will have the following form:

C(x,t)= OchG(x, g, t)de+D }CIA(X, t—t)de, (8)
0 0

where G(x,e,t) — Green's function:

1 l:S(s—x) SZt}
exp ——|x
27Dt 2D 4D

ot

A(x,t):D}clA(x,t—r)dt . 9)
0

G(x, a,t)z

and

The results of the research on the solution of the
equation (9) obtained in Mathematica 8 are presented in
figures 3 and 4.

At the initial stage, in the dry soil there is practically
no movement of moisture. It makes sense to use equation
(6). However, in the presence of insignificant convection
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there is an increase in the acidity of the soil. The
hardening of the soil occurs faster and there is a

Figure 1 — Distribution of hydrolytic acidity in 3D
projection

Ha, mg equiv

Figure 3 — Distribution of acidity in 3D projection

In the process of studying the accumulation and
impregnation of acid solutions of iron sulfate on the
model of soil samples, a connection was established

Ha, mg equiv

leveling at different depths.
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Figure 2 — Distribution of hydrolytic acidity deep into the
soil
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Figure 4 — Distribution of acidity deep into the soil

between the values obtained by the experimental method
and the results of solving the mathematical model
(figure 5).
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Figure 5 — The dependence of the distribution of acidity on the depth of soil

On the basis of the correlation analysis, a
relationship was established between the hydrolytic
acidity of the soil medium and the depth of
impregnation of acid solutions of iron sulfate. The
value of the received connection is characterized by the
correlation coefficient, calculated on the basis of the
experimental data obtained from the statistical sample
of the wvalues of hydrolytic acidity and the
corresponding depth of soil.

The performed regression-correlation analysis
confirms that there was a close correlation between the
distribution of the content of acid solutions of iron

sulfate on the profile of the soil, according to the
calculation of the mathematical model and experimental
analysis. The correlation coefficient was 0.89.

Conclusions.

Waste from production and consumption are sources
of anthropogenic pollution of the environment on a global
scale and arise as an inevitable result of a consumer
attitude and a low utilization rate. Getting into the
environment, the components of the waste have a negative
effect on the ecosystem. In addition, the waste
composition is often not investigated or studied only by
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the main components. The biggest problem in the
ecosystem is acid, alkaline and water soluble waste,
taking into account the aggressiveness of the
environment, high chemical activity and the ability to
diffusion and infiltration processes. As a result of
chemical interaction of pollutants it is possible and
their transformation with the formation of new
chemical compounds — xenobiotics, which are often
more toxic than the source pollutants. The probability
of such a transformation is greatly increased in the
lithosphere and soil ecosystems.

Creation of a mathematical model of the real
process of penetration of acid solutions of iron sulfate
in the full sense of this concept is a good way to
mathematically describe the real process of propagation
and accumulation of hydrolytic acidity in the soil
environment. As a result of the research carried out:

1. A mathematical model of penetration into the
soil of acidic solutions of iron sulfate, which can be
formed at dissolution of some mass of iron sulfate of
titanium production, is developed:

—when constructing a mathematical model,
hydrodynamic models of geophylation were used and
the main provisions of the theory of filtration;

—the mathematical model allows to calculate the
hydrolytic acidity that characterizes the acidity of the soil.

2. According to the results of mathematical modeling,
it is established that in the presence of convection in the
soil, it is faster acidification than in its absence.

3. It is established that between the values obtained
by the experimental method and the results of the
solution of the mathematical model, there is a close
correlation connection of 0.89.
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PO3POBKA MATEMATHYHOI MOJIEJI TH®UIBTPAIII KHCJIOTO PO3YHHY CYJb®ATY
3AJIIBA

XiMiYHa TIPOMUCIIOBICTh € JiepOM MPOMHUCIOBOCTI, KA XapaKTePU3YEThCS 3HAYHUMHU 00CSATaM{d BHPOOHHIITBA i
0araTOHaXXHICTIO BiAXOMiB. HakommueHHA BEIMKOI KUIBKOCTI BIJXOXIB HETATMBHO II03HAYAETHCS HaA JOBKULII.
Hafi6inpm o4YeBHMIHMM TPHUKIAJOM € CTaH IPYHTIB, J€ PO3TAIIOBaHI IMiAIPUEMCTBA, IO BHPOOJSIOTH ITITMEHTHHMA
JTBOOKUC TUTaHY. MeTO POOOTH € BHBUYCHHS MPOIECIB MPOHUKHEHHS i HAKOIMMYEHHS KHCINX PO3YMHIB 3 BiIXOMIB
XIMIYHOI TIPOMHUCIIOBOCTI B IPYHT 1 po3poOKa MaTeMaTHIHOI Mojeni iHLIBTpalii pO3UYNHY KHCIIOTO JIY’KHOT'O PO3UUHY.
BuBuenHs iHOINBbTpamii po3YMHIB CipyaHO! KHCIOTH MPOBOMIUIOCS HAa TPHKIAIL CIpoi IPYHTY, OCKUIBKH I€H THI
JIOMiHy€e B 00JIACTi CKUaHHA YOPHIIBHIX KaMeHiB. [HIMbTpallis IpyHTY OLIHIOEThCS KoedimieHToM (imbTpartii, sk
BU3HAuaeThes 3akoHoM Japci. 1linbHicTs audysii BusHauanacs excrnepuMmentanbHo — 1,63-1072° kr/M?, a koedinieHt
madysii Oys pospaxosamuii — 1,51-10% mZ%c. Ha OCHOBi eKCEpMMEHTANBHUX JOCTIKEHb Oyla po3pobieHa
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MaTeMaTHYHA MOJICITh TOIMIMPEHHS KUCIUX PO3YHHIB Cyab(daTy 3aiiza B IpyHTI. [Ipu dncenbHOMY MOJCIMIOBaHHI i3
BHUKOPUCTAHHSAM PO3POOJICHOI MOJIENIi OTPUMAHO PO3MOALT KHCIOTHOCTI B TPHBHMIPHIH mpoekmii. Ha mogatkoBoMy
eTarll MpUHHSTO, IO PYX BOJIU B CYXOMY I'PYHTI BiICyTHIH. OTHAK TIPY HEBEIHKIH KOHBEKIIIT BiIOYBA€THCS ITiIBUIICHHS
KHCJIOTHOCTI TpyHTY. OKHUCIICHHS TPYHTIB BiJOYBAa€ThCsI MIBHIIIE, 1 HOrO BHPIBHIOBAHHS CIIOCTEPITa€Thcs Ha PI3HHUX
rmOuHaX. [IOpiBHSHHS pE3yJIbTATiB YHCEIBHOTO MOJCTIOBAHHS 1 CTaTHCTHYHHX JAaHWUX, OTPHUMAaHUX Ha
eKCIIEpUMEHTAJIbHIN OCHOBI, MOKA3ye B3a€MO3B'I30K MiX TiAPOJIi3HOI KUCIOTOK IPYHTOBOTO CEPEIOBHIIA 1 TITHOUHOIO
MIPOCOYCHHS KHUCJIOTHHX PO3YMHIB CyiabdhaTy 3aiiza. BCTaHOBIIEHO, MI0 MK 3HAYCHHSIMH, OTPHUMAaHUMU
EKCIICPUMCHTAIGHUM ~ METOJIOM, 1 pEe3YJIbTaTaAMH YHCEIBHOTO MOJICIIOBAHHSA 3 3aCTOCYBaHHSIM pPO3pOOICHOT
MaTeMaTUYHOI MOJIEITi, ICHY€E TICHUI Kopensmiiauii 3B'130K. Koedimient kopensmnii cknas 0,89.
Koarouogi ciioBa: 3amizHuiil Kyropoc; cipuaHa KUCJI0Ta; BOIOIPOHUKHICTB; MiIKUCIEHHS; TU(Y3isl.
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PA3PABOTKA MATEMATHYECKOM MOJIEJIM WHO®WIbTPAIIMA KHCJIOI'O PACTBOPA
CYJIb®ATA KEJIE3A

XUMHU4ecKast MPOMBILIEHHOCTD SBIISETCS JIMIEPOM IPOMBILIIEHHOCTH, KOTOpas XapaKTepH3yeTcsl 3HAaYNTeIIbHBIMU
o0beMaMy POU3BOJACTBA M MHOTOTOHa)KHOCTBIO OTX0Z0B. HakoruieHrne GONBIIOro KOJIMYecTBa OTXOM0B OTPHLATEILHO
CKa3bIBaeTcs Ha OKpyxarouieil cpene. Hanbonee oueBHIHBIM NPHMEPOM SIBISETCS COCTOSHUE TI0YB, TIe PacIOIOKEHbI
NPEeNNPUATHS, NPOU3BOMSIINE ITMIMEHTHBIH IOHOKCHI TuTaHa. Llenbio paboOTHI sBIsieTcs H3Yy4EHHE IPOLECCOB
UHOUIBTPALMH ¥ HAKOIUICHHS KUCJIBIX PACTBOPOB M3 OTXOIOB XMMHYECKOH NMPOMBIIIIEHHOCTH B NIOYBY U pa3paboTKa
MaTeMaTH4YeCKOH MOJeNd WHOWIBTPALMH pPAacTBOpPa KHCIOrO IIEIOYHOro pactBopa. V3ydeHne WHOUIBTpALMU
pacTBOpPOB CEPHON KUCIOTHI MPOBOAWIOCH Ha MPUMEPE CEpPOH IMOYBEI, IOCKOJIBKY TOT THII JOMHHHPYET B OOJIacTH
cOpoca MemHOro Kymopoca. MHQmIbTpamus BemecTs B MOYBY OLEHUBAETCA KOA(POUIMEHTOM (UIBTPAIMH, KOTOPBIA
ompenensgercs 3akoHoM Jlapcu. IlnotHocts audpdysum ompenensiach skcrepuMeHTatbHo — 1,63-107%° kr/m?, a
ko3(ppuuuent auddysuu 6pu1 paccumran — 1,51-10% m?%c. Ha ocHOBe 3KCIEpUMEHTANBHBIX HCCIENOBAHMI ObLIa
pa3paboTaHa MaTeMaTH4ecKash MOJIeJb paclHpOCTpaHEHHs KHCIBIX PAacTBOPOB cyibgara jxenesa B mouse. [lpu
YHUCIICHHOM MOJEIMPOBAHUM C WCIIONB30BaHHEM pPa3pa0OTaHHOH MOJENH MONYYEHO paclpelesieHHe KHCIOTHOCTH B
TpexXMepHO# npoekuuy. Ha HayabHOM 3Tare IPHHATO, YTO JBHKEHHE BOJIBI B CYXOil 1o4Be OTCYTCTBYeT. OHAKO IPH
HEOOJBINON KOHBEKIMH MTPOUCXOIUT ITOBBIIICHHE KUCIOTHOCTH MOYBBI. OKHCIICHUE TTI0YB IPOMCXOIHUT OBICTpee, H ero
BHIDABHMBaHWE HaONomaeTcss Ha pasHbIX DiIyOMHax. CpaBHEHHE pPe3yJbTaTOB YHCIEHHOTO MOJCNHMPOBAHUS U
CTATHCTUYECKUX JAHHBIX, IIOJYYCHHBIX Ha OKCIHEPUMEHTAIBGHOH OCHOBE, II0KAa3bIBAeT B3aHMOCBA3b MEXIY
THIPONU3HOW KHCIOTONH ITIOYBEHHOW CpeAbl W TIyOMHOH TPOMUTKH KHCIOTHBIX pAcTBOPOB Cylib(haTa Kemesa.
Y CTaHOBIICHO, YTO MEXy 3HAUEHHSMH, MOTYYCHHBIMH 3KCIEPUMEHTAIFHBIM METOIOM, M PEe3ylbTaTaMH YHCIEHHOTO
MOJICTIMPOBAHMS C MPUMEHEHHWEM pPa3pabOTaHHONW MaTeMaTH4YeCKOW MOJENH, CYIIECTBYET TECHas KOppeIsIHOHHAs
cB3b. Koathdunument xoppemnsiumu cocrasun 0,89.
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